Accretion disk luminosity for black holes surrounded by dark matter by Boshkayev, Kuantay et al.
ar
X
iv
:2
00
6.
01
26
9v
1 
 [a
str
o-
ph
.H
E]
  1
 Ju
n 2
02
0
MNRAS 000, 000–000 (0000) Preprint 3 June 2020 Compiled using MNRAS LATEX style file v3.0
Accretion disk luminosity for black holes surrounded by dark
matter
Kuantay Boshkayev,1,2,3⋆ Anuar Idrissov,4† Orlando Luongo5‡ and Daniele Malafarina4§
1National Nanotechnology Laboratory of Open Type, Department of Theoretical and Nuclear Physics, Al-Farabi Kazakh National University,
Al-Farabi ave. 71, 050040 Almaty , Kazakhstan.
2Energetic Cosmos Laboratory, Nazarbayev University, 53 Kabanbay Batyr, 010000 Nur-Sultan, Kazakhstan.
3Fesenkov Astrophysical Institute, Observatory 23, 050020 Almaty, Kazakhstan
4Department of Physics, Nazarbayev University, 53 Kabanbay Batyr, 010000 Nur-Sultan, Kazakhstan.
5Istituto Nazionale di Fisica Nucleare, Laboratori Nazionali di Frascati, 00044 Frascati, Italy.
3 June 2020
ABSTRACT
We consider the observational properties of a static black hole space-time immersed in a
dark matter envelope. We thus investigate how the modifications to geometry, induced by the
presence of dark matter affect the luminosity of the black hole’s accretion disk. We show that
the same disk’s luminosity produced by a black hole in vacuummay be produced by a smaller
black hole if surrounded by darkmatter under certain conditions. In particular, we demonstrate
that the luminosity of the disk is markedly altered by dark matter’s presence, suggesting that
mass estimation of distant super-massive black holes may be changed if they are immersed
in dark matter. We argue that a similar effect holds in more realistic scenarios and we discuss
about the refractive index related to dark matter lensing. Hence we show how this may help
explain the observed luminosity of super-massive black holes in the early universe.
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1 INTRODUCTION
The recent observation of the ’shadow’ of the super-
massive black hole candidate in the galaxy M87
(Event Horizon Telescope Collaboration et al. 2019a,b) proves
that extreme compact objects reside at the center of galaxies. Such
objects are not only seen in the electromagnetic spectrum, being
sirens for gravitational waves and de facto bringing about the novel
approach of observing our Universe based on multi-messenger
astronomy (Me´sza´ros et al. 2019).
However the current theoretical models for the formation of
super-massive black holes do not explain the distribution of black
hole masses with distance (Kormendy & Ho 2013). It is not clear
how and when super-massive black holes formed, i.e. their forma-
tion is far less understood than that of their light, stellar mass, coun-
terparts. We only know a large number of super-massive black hole
candidates exceed one billion Solar masses and they have been ob-
served in the early universe (Volonteri 2010). The most striking ex-
ample is the black hole candidate ULAS J1342+0928, with a mass
measured in the range of ∼ 800 · 106M⊙ and located at z = 7.54,
i.e. quite close to the Big Bang (Ban˜ados et al. 2018). How did such
enormous objects form in such a short time?
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Currently, with the only exceptions of Sgr-A* in the Milky
Way and the super-massive black hole candidate in the galaxyM87,
the most widely adopted method used to determine the mass of
such objects consists in measuring the spectra coming from their
accretion disks (Abramowicz et al. 1988). For example, black holes
accretion at super-critical values does not imply that it radiates at
super-Eddington luminosity (Shapiro & Teukolsky 1983). This fact
is due to the properties of the accretion disk. Several assumptions
are needed in order to produce the accretion disk models, includ-
ing, of course, the assumption regarding the geometry in which the
accretion disk exists (Abramowicz & Fragile 2013).
The theory of black hole accretion was developed by
Novikov & Thorne (1973); Page & Thorne (1974) and it has been
successfully applied to astrophysical black hole candidates to ex-
plain the features of their observed spectrum for many years. How-
ever observations are almost always interpreted assuming the pres-
ence of a black hole in vacuum (i.e. the Kerr metric). Only in recent
years several attempts have been made at studying the theoretical
properties of accretion disks in a geometry that departs from the
Kerr line element (Harko et al. 2009a,b; Bambi & Barausse 2011;
Bambi & Malafarina 2013). At the same time we know that galax-
ies are surrounded by dark matter halos which are responsible
for the observed rotation curves of stars far away from the cen-
ter (Bertone & Tait 2018; Bertone & Hooper 2018; Matarrese et al.
2011).
Dark matter halos extend throughout galaxies from the outer
c© 0000 The Authors
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regions to the center, and it is reasonable to consider the possibility
that the central distribution may affect the geometry of the region.
Some models have been developed to describe dark matter distri-
butions at galactic centers (Salucci 2019) and dark matter profiles
around black holes (Konoplya 2019). It is reasonable to suppose
that such dark matter profiles will have non-negligible relativistic
effects close to the galaxies’ cores and therefore modify the prop-
erties of the light emitted by accretion disks1.
In this paper we aim at studying this effect qualitatively by
constructing a simple toy model. For clarity, we will assume a
static, spherically symmetric super-massive black hole surrounded
by dark matter. Our approach to the study of the spectrum of the
disk is then based on a simple model for the dark matter envelope.
To do so, we shall assume that the interaction cross section of dark
matter with normal matter vanishes, i.e. the dark matter envelope
does not interact with the normal matter in the disk, thus allowing
to model the trajectories of baryonic matter in the accretion disk
as moving on circular geodesics. We will also assume that the dark
matter envelope extends inside the boundary radius of stable circu-
lar orbits in the accretion disk. This is reasonable if, for example,
the dark matter content is made of weakly interacting particles trav-
elling on various orbital trajectories. We then evaluate the motion
of test particles in the accretion disk in the geometry produced by
the black hole plus dark matter source and compute the effects of
the presence of dark matter on the spectrum of the accretion disk,
under simple reasonable assumptions for the emission profile. We
show that, under certain circumstances, the flux and luminosity of
the disk is noticeably increased by the presence of dark matter, es-
pecially in the inner parts of the accretion disk. Furthermore, the
presence of the dark matter envelope alters the spectral luminosity
of the disk at all frequencies, with respect to the case of a black hole
in vacuum. This feature could in principle be tested against obser-
vations, once a more realistic version of the model and sufficiently
accurate observational data become available. In this respect, we
investigate the refractive index and we show its shape, comparing
the cases with and without dark matter. The discrepancy between
these cases is also discussed and interpreted. These results suggest
the possibility that super-massive black holes in the distant universe
may be less massive than previously estimated. Further, this would
highlight the role of dark matter at galactic cores, as it acts as a
source for increasing or decreasing the accretion disk’s luminosity.
The paper is organized as follows. The formulation of the
model and methodology are described in section 2. The theoreti-
cal setups and main results, together with a detailed discussion, are
presented in section 3. Finally, conclusions and perspectives are
summarized in section 4.
2 MODEL AND METHODOLOGY
Recently a toy model for a dark matter cloud located at the galactic
center without the presence of any super-massive black hole was
considered by some of us (Boshkayev & Malafarina 2019). By an-
alyzing the motion of test particles in the central regions of the
galaxy we showed that at distances larger than 100 astronomical
units there was no observable difference between the gravitational
fields of a black hole and a dark matter core of the same total mass.
However, black holes are likely to exist at the center of galaxies, as
1 In addition, the possibility that dark matter is responsible for the observed
cosmic speed up has been recently investigated, see (Luongo & Muccino
2018) for details.
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Figure 1. Schematic illustration of the total mass profile.
suggested by emission lines of quasars (Davies et al. 2011). In this
work we consider a black hole located at the center of a dark matter
distribution and estimate the radiative flux emitted by the accretion
disk and its spectral luminosity distribution as observed at infin-
ity. To this end, we must make a choice for the density profile of
the dark matter envelope. Since our argument is mostly qualitative,
we shall consider a simple exponential profile, that will suffice to
approximate a reasonable matter distribution.
Thus the following density profile has been adopted for the
dark matter distribution
ρ(r) = ρ0e
− r
r0 , r > rb, (1)
where ρ0 is the dark matter density at r = 0, r0 is the scale radius
and rb is the inner edge of the dark matter envelope, i.e. the bound-
ary separating the interior vacuum region, described by the gravi-
tational field of a black hole, and the exterior dark matter distribu-
tion. In principle the inner edge of the dark matter envelope could
be placed at any radius, though it is reasonable to assume that rb
should be greater than the black hole’s event horizon. Since in our
model the dark matter envelope never reaches the limit r = 0, the
parameter ρ0 must be considered here to be a characteristic density.
The corresponding dark matter mass profile is obtained as
MDM (r) =
∫ r
rb
4pir˜2ρ(r˜) dr˜ (2)
= 8pir30ρ0
[
e−xb
(
1 + xb +
x2b
2
)
−e−x
(
1 + x+
x2
2
)]
, r > rb
where x = r/r0 and xb = rb/r0. For vanishing rb Eq. (2) reduces
to the one obtained by Sofue (2013). The total mass profile of the
system black hole plus dark matter is then defined as follows
M(r) = MBH +MDM (r) (3)
whereMBH is the black hole mass which is a free parameter of the
model. More explicitly Eq. (3) can be written as
M(r) =


MBH , rg < r 6 rb,
MBH +MDM(r), rb 6 r 6 rs,
MBH +MDM(rs), rs 6 r,
(4)
where rg = 2MBH is the gravitational radius of a black hole. Here-
after we use the geometric units setting G = c = 1. In Fig. 1
the schematic illustration of the total mass is shown, where rs is
the surface radius of the dark matter envelope, i.e. the outer edge
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of dark matter profile, as obtained by the solution of the Tolman-
Oppenheimer-Volkoff (TOV) equation.
2.1 The Tolman-Oppenheimer-Volkoff equation
To analyze the properties of the system composed of a black hole
and dark matter envelope, the line element is chosen in the standard
static and spherically symmetric form as
ds2 = eN(r)dt2 − eΛ(r)dr2 − r2 (dθ2 + sin2 θdϕ2) , (5)
where (t, r, θ, ϕ) are the time and spherical coordinates, N(r) and
Λ(r) are the sought metric functions.
In order to get a stable (static) spherical layer (envelope) of
dark matter around the black hole one has to match the inner black
hole space-time with the outer, matter filled, solution describing
dark matter at the boundary rb. This can be done following the same
procedure to find interior solutions for the Schwarzschild space-
time, since, as it is well known, the matching conditions to be sat-
isfied are the same (Fayos et al. 1996). Hence we need to solve the
TOV equations, which read
dP (r)
dr
= −(ρ(r) + P (r))M(r) + 4pir
3P (r)
r(r − 2M(r)) , (6)
dN(r)
dr
= − 2
ρ(r) + P (r)
dP (r)
dr
, (7)
where P (r) is the dark matter pressure, ρ(r) is given by Eq. (1) and
M(r) is determined by Eq. (4). At the boundary between interior
vacuum and the exterior dark matter the following conditions are
defined for ρ(rb), P (rb) and N(rb):
ρ(rb) = ρb = ρ0 e
−
rb
r0 , (8)
P (rb) = Pb, (9)
N(rb) = Nb = ln
(
1− rg
rb
)
, (10)
where ρ0, r0 and rb are the free parameters of the model, Pb is cho-
sen to be equal to its Newtonian limit as a test value (see appendix
A). The TOV equation must be integrated till the pressure vanishes
P (r) = 0. This condition yields the radius of the dark matter en-
velop surface r = rs, so that the observed total mass of the system
is equal toM(rs).
Correspondingly, N(r) and Λ(r) are given as
eN(r) =


1− rg
r
, rg < r 6 rb,
eNr(r), rb 6 r 6 rs,
1− 2M(rs)
r
, rs 6 r,
(11)
and
eΛ(r) =


(
1− rg
r
)−1
, rg < r 6 rb,(
1− 2M(r)
r
)−1
, rb 6 r 6 rs,(
1− 2M(rs)
r
)−1
, rs 6 r.
(12)
where Nr(r) is given by the numerical solution of the TOV equa-
tion.
Notice that, since the density of dark matter is not zero at
r = rb, the matching is not continuous as the first derivatives of
the metric have a jump at the boundary. This can be interpreted,
following the usual procedure, with the presence of a massive sur-
face layer at rb (Israel 1966, 1967).
2.2 Radiative flux and spectral luminosity
To model the accretion disk, we follow the standard treatment and
assume that particles follow circular geodesics in the equatorial
plane (θ = pi/2). Then particles in the disk will have specific en-
ergy, angular momentum and angular velocity depending on their
distance from the central object.
We can then study the characteristics of the radiative flux F
(i.e. the energy radiated per unit area per unit time) emitted by the
accretion disk from the following formula
F(r) = − m˙
4pi
√
g
Ω,r
(E − ΩL)2
∫ r
ri
(E −ΩL)L,r˜dr˜, (13)
where m˙ is the mass accretion rate, assumed to be constant, g is
the determinant of the metric tensor of the three-sub-space (t, r, ϕ)
i.e.
√
g =
√
gttgrrgϕϕ, Ω is the orbital angular velocity, E is the
energy per unit mass and L is the orbital angular momentum per
unit mass of test particles in the disk. Also, ri is the radius of the
innermost stable circular orbit of the disk, which is defined via the
condition dL/dr = 0. These quantities, evaluated on the equatorial
plane θ = pi/2 in a spherically symmetric, static space-time, take
the form
Ω(r) =
dϕ
dt
=
√
− ∂rgtt
∂rgϕϕ
, (14)
E(r) = ut = u
tgtt, (15)
L(r) = −uϕ = −uϕgϕϕ = −Ωutgϕϕ, (16)
ut(r) = t˙ =
1√
gtt + Ω2gϕϕ
, (17)
where ∂r is the derivative with respect to the radial coordinate, dot
is the derivative with respect to the proper time, ut and uϕ are the
co-variant time and angular components of the four velocity (for
details see Joshi et al. (2011)).
For better presentation of our results it is convenient to intro-
duce new dimensionless functions by defining Ω∗(r) = MTΩ(r),
L∗(r) = L(r)/MT where MT = M(rs) for the system with a
black hole and dark matter andMT = MBH for the system with-
out dark matter. Then in our dimensionless units the energy remains
unchanged, i.e. E∗(r) = E(r).
Since the flux is not directly observable, the luminosity that
reaches an observer at infinity L∞ (energy per unit time) is a more
useful quantity to consider (see Joshi et al. (2014)). The differen-
tial of the luminosity L∞ can be estimated from the flux F by the
following relation of Novikov & Thorne (1973); Page & Thorne
(1974)
dL∞
d ln r
= 4pir
√
gEF(r). (18)
Another characteristics of the accretion disk, the spectral lu-
minosity distribution observed at infinity is given by
νLν,∞ = 15
pi4
∫
∞
ri
(
dL∞
d ln r
)
(uty)4/F∗
exp[uty/F∗1/4)]− 1d ln r, (19)
where y = hν/kT∗, h is the Planck constant, ν is the frequency of
the emitted radiation, k is the Boltzmann constant, T∗ is the char-
acteristic temperature, ut is expressed in terms of the character-
istic redshift z as ut(r) = 1 + z(r) (for details see Joshi et al.
(2014)) and F∗(r) = M2TF(r). The above expression provides
the luminosity measured by distant observers as a function of the
frequency under the assumption that the gas in the accretion disk
MNRAS 000, 000–000 (0000)
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emits a blackbody spectrum. Taking into account Eq. (18), then
Eq. (19) can be written in the form
νLν,∞ = 60
pi3
∫
∞
ri
√
gE
M2T
(uty)4
exp[uty/F∗1/4)]− 1dr. (20)
The last relation is conveniently dimensionless since it is normal-
ized with respect to massMT .
As it is well known, astrophysical observations of black hole
candidates can not rely directly on measurements of the spectral
luminosity. Typically emission lines from the central regions of the
accretion disk are used to probe the strong gravity regime and ob-
tain information on the object’s properties such as mass and angular
momentum. Such emission lines are in the X-ray spectrum of fre-
quencies and the most prominent and most widely used is the Kα
line of Iron at 6.4 keV (see for example Reynolds et al. (1999)).
The broadening of the Kα Iron line due to gravitational redshift
contains information about the gravitational potential, while the
Doppler shift of the line contains information about the accretion
disk’s rotation and as a consequence on the source’s angular mo-
mentum (see Bambi (2017) for a review). Therefore theKα line of
Iron is an excellent tool to probe experimentally the geometry in the
vicinity of black hole candidates (see for example Bambi (2013)).
It is reasonable to suppose that the presence of a dark matter enve-
lope will affect theKα Iron line. In particular a matter distribution
in the vicinity of the black hole will alter the broadening of the
line thus introducing some uncertainties in the measurement of the
black hole’s mass.
Using the above formalism we can now analyze the effects
that adding a dark matter envelope has on the light emitted by the
gas in the accretion disk surrounding a supermassive black hole
candidate.
3 THEORETICAL SETUPS AND RESULTS
We here discuss the numerical and theoretical outcomes of the
model outlined above, in the context of super-massive black holes.
We start by setting the model’s free parameters as: MBH = 5 ×
108M⊙ = 4.933 astronomical units (AU), rb = 11MBH/2 =
27.133AU, r0 = 10AU and ρ0 varying from 0.75×10−5 AU−2 to
3×10−5 AU−2, see2 Figs. 2-7. In Table 1 we present initial inputs:
the characteristic density ρ0 and the corresponding pressure Pb at
r = rb, and the results of the numerical integration: the radius of
the innermost stable circular orbits ri, the surface radius of the dark
matter envelope rs and the mass of dark matterMDM (rs) .
The TOV equations have been solved for selected values of
ρ0 from rb outwards, having set the initial value of the density as
ρb = ρ0 exp (−rb/r0) and the corresponding value of the pressure
Pb (see appendix A). These terms start from the boundary rb, i.e.
where the dark matter distribution begins, until the distance rs at
which the pressure vanishes, P (rs) = 0. The value of P (rb) cho-
sen for the integration of the TOV equation is obtained from the
Newtonian limit. However, while in the Newtonian case the enve-
lope extends until infinity, the relativistic corrections ensure that the
relativistic pressure profile P (r) vanishes at a finite radius rs.
The solution of the TOV equations produces a stable thin layer
of dark matter. By increasing the pressure Pb by a factor of ∼ 1.5,
for a fixed ρ0, the thickness (width) of the dark matter layer in-
creases, i.e rs increases. Once rs is known, the metric functions,
2 Note, for density 1AU−2 ≈ 60.173 g/cm3 ≈ 8.9× 1023M⊙/pc3 .
Table 1. Physical parameters of the dark matter envelope. The black hole
case is shown without dark matter in the second line, for which ri =
6MBH , where MBH = 74/15 ≈ 4.933AU . In the case with dark mat-
ter, the choice of the parameters ρ0 and Pb determines the innermost stable
circular orbit radius ri, the thickness of the dark matter envelope rs and the
total mass of the dark matter envelope MDM (rs) in units ofMBH
ρ0 Pb ri rs MDM (rs)
(AU−2) (AU−2) (AU ) (AU ) (MBH )
0 0 29.600 - 0
0.75 · 10−5 3.132 · 10−8 29.047 220.885 1.873 · 10−2
1.50 · 10−5 6.313 · 10−8 28.483 227.407 3.747 · 10−2
2.25 · 10−5 9.545 · 10−8 27.910 228.088 5.621 · 10−2
3.00 · 10−5 12.828 · 10−8 27.331 228.790 7.494 · 10−2
particularly N(r) must be fixed to satisfy the boundary conditions
Eq. (11).
We notice that the solution of the TOV equation is numeri-
cal for both pressure and metric function N(r). If the condition
P (r = rs) = 0 yields rs to be the surface radius of the dark matter
envelope, then the metric functions N and Λ must fulfil the con-
dition on the surface N(rs) = −Λ(rs). In practice the numerical
value ofNn(rs) from the solution of the TOV equation is not equal
to −Λ(rs). To satisfy the boundary conditions, i.e.
eN(r) =
{
1− rg
rb
, r = rb,
1− 2M(rs)
rs
, r = rs,
(21)
the functionNn must be redefined. Clearly, at r = rb the numerical
functionNn is suitable, albeit it is not well defined at r = rs. Thus,
the suitable function turns out to be redefined by
Nr(r) = Nn(r)−
[
Nn(rs)− ln
(
1− 2M(rs)
rs
)]
r − rb
rs − rb ,
(22)
which fully satisfies the boundary conditions Eq. (21).
Once the metric functions are evaluated the value of the radius
of the innermost stable circular orbits, ri can be obtained following
the standard procedure from the condition dL/dr = 0, that holds
at ri for a test particle on circular geodesic.
3.1 Numerical results
From the numerical results we have three possibilities for the loca-
tion of the DM envelope and the innermost stable circular orbit:
(i) If the whole dark matter envelope is inside 6MBH . i.e. rb <
rs < 6MBH , then ri > 6MBH .
(ii) If the whole dark matter envelope is outside 6MBH , i.e. rb >
6MBH , then ri = 6MBH as in the vacuum case.
(iii) If a part of dark matter is inside 6MBH and another part is
outside 6MBH , i.e. rb < 6MBH < rs, then rb < ri < 6MBH .
This result is similar to the one obtained by Konoplya (2019),
where the photon sphere radius has been calculated for a black hole
surrounded by dark matter. In our computations we focus on the
third case where rb < ri < 6MBH , since case (i) has small phys-
ical significance, while case (ii) does not depart significantly from
the case of a black hole in vacuum. In particular in the limiting
case of a DM envelop extending from rb = ri = 6MBH outwards,
all the DM particles are located outside the Schwarzschild ISCO
and there will be no considerable differences in the disk’s flux and
luminosity with respect to the Schwarzschild case. This is due to
MNRAS 000, 000–000 (0000)
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three factors, namely (a) the geometry for r < ri which is given by
the Schwarzschild metric, (b) the fact that the DM particles do not
interact with the gas in the accretion disk and (c) the low mass of
the DM envelope as compared to the black hole mass.
In Fig. 2(a) the orbital angular velocity of test particles in the
field of a static black hole without dark matter (solid curves) and in
the field of a black hole surrounded by dark matter (dashed curves)
for different values of ρ∗0 = ρ0/(10
−5AU−2) have been plotted as
function of the radial distance. It can be seen that in the presence of
dark matter, test particles on the accretion disk have smaller angu-
lar velocity in all range of the radial coordinate. Similar behaviour
can be observed for test particles in the Kerr space time as shown
Fig. 2(b). Here j is the dimensionless angular momentum (spin pa-
rameter) defined as j = a/M , where a is the Kerr parameter and
M is the mass of the Kerr black hole. Our aim here is to compare
the behaviour of a static black hole with dark matter with that of a
rotating black hole in vacuum to asses the possibility that dark mat-
ter envelopes may mimic the effects of angular momentum. There-
fore, we considered here only prograde (direct, co-rotating) orbits
in the Kerr metric since they give smaller values of the ISCO ra-
dius ri (for details see (Bardeen et al. 1972)), similarly to the static
black hole immersed in dark matter. So, we see that for increasing
j the feature ofΩ∗ is analogous to that of the static space-time with
dark matter and one can not distinguish the two space-times from
Figs.2(a)-2(b).
In Fig. 3 the energy of test particles has been plotted as func-
tion of the radial distance. The legends are the same as in Fig. 2. It
can be seen in Fig 3(a) that in the presence of dark matter, test
particles on the accretion disk have larger energy at small radii
and smaller energy at large radii as compared to particles on ac-
cretion disks around a static black hole j = 0. However, in the
Kerr space-time without dark matter for increasing j the energy is
always smaller than j = 0 case. Therefore the two scenarios have
distinguishable features in this case. Note, the energy has been cal-
culated from the ISCO and to larger radii.
In Figs. 4(a)-4(b) the orbital angular momentum of test parti-
cles have been plotted as function of the radial distance. The leg-
ends are the same as shown in Fig. 2. It can be seen that in the
presence of dark matter, the angular momentum departs from the
black hole case at large radii Figs. 4(a), instead in the Kerr space-
time the opposite occurs and the angular momentum converges to
the static case as r increases. In both cases L∗ is larger for a static
black hole case.
In Fig. 5 the flux produced by the accretion disk is evaluated
as a function of the dimensionless radial distance. Due to the fact
that for dark matter ri < 6MBH the flux is higher with respect
to the black hole without dark matter as the test particles, being
able to stay on circular orbits at smaller radii, will emit more ra-
diation before falling towards the central object (Fig. 5(a)). Notice
that since F(ri) = 0 the value of the innermost stable circular or-
bit determines also the smallest radial distance from which particle
emission can occur. Similar situation can be observed in the Kerr
space-time without dark matter with co-rotating disk, which allows
circular orbits to remain at smaller radii (Fig. 5(b)). However at
larger radii the two scenarios can in principle be distinguished.
Of course, when making observations of astrophysical
sources, one does not measure directly any of the above quantities,
and therefore they can not be used to distinguish the two scenarios
in practical cases. On the other hand, measurements related to the
disk’s luminosity are possible. In Fig. 6 the differential luminosity
of the accretion disk is evaluated as a function of the dimension-
less radial distance. Here we have a similar behavior as in Fig. 5
at smaller radii owing to the fact that the ISCO is ri < 6MBH for
both the static geometry with dark matter as well as for the Kerr
geometry with positive values of j > 0. However at larger radii the
two space-times display different feature from each other.
In Fig. 7 the spectral luminosity of the accretion disk is given
as a function of radiation frequency ν.
Here one can see the differences in the observable spectrum
when dark matter is present (Fig. 7(a)). One notable effect is a de-
crease in the spectral luminosity at low frequencies with respect
to the case of a black hole in vacuum. At the same time, the most
important effect comes from the fact that ri < 6MBH induces a
larger spectral luminosity at high frequencies. This effect is due to
the fact that particles in the inner regions of the accretion disk emit
more energetic radiation at higher frequencies.
In the case of the Kerr space-time without dark matter for pos-
itive j > 0 the spectral luminosity is always larger than for j = 0
case. Indeed, this characteristics of the spectral luminosity may be
used to test our model against the Kerr space-time at larger radii for
smaller frequencies.
It is indeed interesting to investigate whether the dark matter
envelope surrounding a static black hole can mimic the observable
features of a rotating black hole in vacuum. In fact this turns out to
be the case for a Kerr black hole with prograde accretion disk.
However, it should be noted that in principle the two geome-
tries can be distinguished from the luminosity at large radii, since
for Kerr dL∞/d ln r approaches Schwarzschild from above for
j → 0, while in our model dL∞/d ln r becomes smaller than the
corresponding Schwarzschild value as r grows.
3.2 Gravitational lensing induced by dark matter
An outstanding product of dark matter distribution, and another
feature that may be used to test the model with observations, is
its influence on gravitational lensing whereby the refraction in-
dex is modified due to the presence of dark matter. For example,
it would be interesting to evaluate how much gravitational lens-
ing of the back of the disk is expected for our dark matter distri-
bution in comparison with the case of a black hole in vacuum. A
detailed investigation on this topic goes beyond the main purposes
of this work. However, here we can provide some arguments on
the effect of dark matter on the amount of lensing by following
the standard formalism of refraction index due to the dark mat-
ter gravitational field (Faber & Visser 2006). We assume that lens-
ing is characterized by the superposition of the deflection angles of
many infinitesimal point masses. Thus, invoking Fermats principle
applied to the geodesic trajectories of our 4-dimensional curved
space-time, we can find a description of light rays in a gravita-
tional field analogous to that of classical optics. In particular, for
a transparent medium with a continuous refractive index, say n,
where Fermats principle holds, the optical length is minimized by
δ
∫
n(r˜)
[
dr˜2 + r˜2dΩ˜2
]
= 0, where dΩ˜2 = dθ2 + sin2 θdϕ2 and
r˜ is the isotropic coordinate in the equivalent optical metric, pro-
vided by ds2 = e2Φ
(
dt2 − n2
[
dr˜2 + r˜2dΩ˜2
])
. Comparing our
metric, i.e. Eq. (5), with the isotropic coordinates above described,
we immediately find the system (Perlick 2010)


dr˜
dr
= r˜
r
e
Λ
2 ,
n = r
r˜
e−
N
2 ,
(23)
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Figure 2. Numerical evaluation of the orbital angular velocity Ω∗ of test particles in the presence of dark matter for a static space-time 2(a) and for the Kerr
black hole in the absence of dark matter2(b) as functions of r/MT . In both figures the solid curves corresponds to the case of a static black hole without dark
matter. Other curves in 2(a) correspond to the different values of ρ0 and in 2(b) to the different values of j.
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Figure 3. Numerical evaluation of energies E∗ in the static space-time with dark matter 3(a) and in the Kerr space-time without dark matter 3(b) of test
particles in the accretion disk as functions of r/MT . In both figures the solid curves show particles in the gravitational field of a static black hole without dark
matter. Other curves in 3(a) correspond to the different values of ρ0 and in 3(b) to the different values of j.
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Figure 4. Numerical evaluation of orbital angular momentum L∗ of test particles in the accretion disk as functions of r/MT . In both figures the solid curves
show L∗ for particles in the gravitational field of a static black hole without dark matter. The remaining curves in 4(a) correspond to the different values of ρ0
and in 4(b) to the different values of j.
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Figure 5. Numerical evaluation of the flux F divided by 10−5 of the accretion disk as functions of r/MT . The solid curves in both panels correspond to the
case of Schwarzschild in vacuum. The remaining curves in 5(a) correspond to the different values of ρ0 and in 5(b) to the different values of j.
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Figure 6. Numerical evaluation of the differential luminosity scaled in powers of 10−2 as a function of r/MT . The solid curves in both panels correspond to
the case of Schwarzschild in vacuum. The remaining curves in 6(a) correspond to the different values of ρ0 and in 6(b) to the different values of j.
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Figure 7. Numerical evaluation of the spectral luminosity of the accretion disk as a function of hν/kT , i.e. as a function of frequency. In both figures the
solid curves represents the case of a static black hole without dark matter. The remaining curves in 7(a) correspond to the different values of ρ0 and in 7(b) to
the different values of j.
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Figure 8. Refractive index as a function of the radial coordinate.
and so the exact solution for r˜ in terms of r is3
r˜ = exp
{∫
dr
r
exp
(
Λ
2
)}
. (24)
In vacuum the spherical solution reduces to Schwarzschild, where
Λ ≡ − ln (1− 2M/r), withM/r the standard Newtonian poten-
tial. It is therefore convenient to quantify the amount of dark matter
lensing by means of the incremental function:
∆% ≡ nDM − nBH
nBH
, (25)
where we have computed the second relation of the system (23),
substituting the relation (24). Thus, it is simple to notice that dark
matter’s amount influences the refractive directly through a cor-
rection related to both Λ(r) and the gravitational potential of our
model. The numerical behavior of n(r) and ∆%(r) are portrayed
in Figs. 8 and 9 respectively. In the dark matter envelope, the
curve that includes dark matter tends to n → 1 less strictly than
the vacuum case. For the sake of clarity, however, the percentage
evaluated by ∆% is very small and effectively 6 1%, indicat-
ing that dark matter works as weak medium with small expected
effects due to lensing. By calculating ∆%(r) we practically ex-
clude the black hole from the system and Fig. 9 essentially shows
the potential of the dark matter envelope. Unlike a black hole,
dark matter is distributed in a volume between rb and rs, where
MDM (rb) = 0. As the radial distance r increases the dark mat-
ter mass MDM (r) first grows faster, then grows slowly (see Fig.
3, right panel in (Boshkayev & Malafarina 2019)). Therefore, we
observe maximum in Fig. 9 as the gravitational potential of dark
matter is ∼MDM (r)/r.
4 CONCLUSIONS
We considered a black hole surrounded by dark matter and we
solved the TOV equations for the dark matter distribution extending
for a finite thickness outside the black hole. We thus found allowed
3 Frequently this solution is approximated at large radii, where r˜ ≃ r.
In our case, however, we are interested in dark matter’s envelope in the
proximity of a black hole, so the approximation r˜ ≃ r does not hold.
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Figure 9.∆% as a function of the radial coordinate.
equilibrium configurations for dark matter with the inner bound-
ary located either below or above the limit of the black hole’s in-
nermost stable circular orbit at 6MBH . The dark matter distribu-
tion in our toy model is static, even though it is understood that
in more realistic model the dark matter particles should be dy-
namic and may fall onto the black hole once crossing the limit of
bound orbits. However, since we are interested in accretion disks
around super-massive black hole candidates we assumed that the
timescales for all the dynamical processes involving the dark matter
cloud’s macroscopic quantities (such as density and inner bound-
ary) are long as compared to the timescales for the processes occur-
ring in the accretion disk, thus making the assumption of staticity
acceptable.
With the aim to evaluate the role played by the presence of
dark matter on the radiative flux, differential and spectral luminos-
ity of the accretion disk we analysed the motion of test particles in
the geometry produced by the black hole plus dark matter distribu-
tion. We obtained the orbital parameters, such as angular velocity,
energy and angular momentum per unit mass for test particles in
the accretion disk. We then evaluated the innermost stable circular
orbit ri for different dark matter density profiles and used it to es-
timate the radiation flux emitted by the accretion disk. This study
allowed us to qualitatively estimate and understand dark matter’s
effects on accretion disks. In particular, we showed that the dark
matter envelope’s thickness, which can be adjusted by varying the
value of pressure P (rb) for any fixed density ρ(rb), and the loca-
tion of the innermost stable circular orbit affect the disk’s luminos-
ity. We determined the radiative flux and differential luminosity of
the accretion disks in the presence of dark matter and compared
them with the case in the absence of dark matter. It turns out that
owing to the fact ri < 6MBH the flux and differential luminosity
are higher in the presence of dark matter.
This effect is similar to what is obtained for a rotating black
hole with co-rotating accretion disk. In both cases the disk’s
spectral luminosity at high frequencies is larger than the pure
Schwarzschild case. Thus, in the presence of dark matter the spec-
tral luminosity is greater at higher frequencies and smaller at lower
frequencies with respect to the black hole in vacuum. However, at
small frequencies the spectral luminosity exhibits different behav-
ior in our model as compared to the Kerr, suggesting that it may be
possible, at least in principle, to experimentally test the validity of
the model.
In fact, we showed that the presence of dark matter affects the
geometry, which in turn affects the luminosity of the accretion disk.
As a consequence of our analysis, we suggest that super-massive
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black hole candidates in the distant universe, if surrounded by a
sufficiently dense dark matter envelope, may be less massive than
currently estimated, as their measured luminosity may be due par-
tially to the presence of dark matter.
Obviously, the approach depends upon the choice of the back-
ground space-time, i.e. on the particular metric for the black hole
candidate, and the dark matter’s density profile. In the present ar-
ticle, for the sake of clarity, we limited the analysis to static black
holes and a simple exponential density profile. However, similar
considerations should readily extend to rotating black holes and
more realistic density profiles. In the future we aim at extending
the work to the case of rotating black holes (i.e. the Kerr metric),
black hole mimickers (such as static axially symmetric vacuum so-
lutions) and exotic compact objects. Further, we will also focus on
the form of dark matter density to understand how different dark
matter distributions can influence the results. Since the density of
normal matter and dark matter was higher in the early universe it is
indeed possible that the accretion disks that formed around super-
massive black holes behaved somehow differently from the simple
models of black holes in vacuum that work for the present universe.
Then our analysis can help to bring out the role played by dark mat-
ter distributions on the appearance of such objects.
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Appendix
A BOUNDARY VALUE FOR PRESSURE
The equation of hydrostatic equilibrium in Newtonian gravity is
given by
dP (r)
dr
= −ρ(r)M(r)
r2
. (A1)
Unlike in general relativity, this equation has an analytic solution
in the classical limit
P (r)|∞r = −
∫
∞
r
ρ(r˜)
M(r˜)
r˜2
dr˜. (A2)
Assuming that at infinity the pressure vanishes and taking into ac-
count Eqs. (1) and (3) one obtains
P (r) = 8pir20ρ
2
0
[
− e−2x
(
1
4
+
1
x
)
− Ei(−2x) + (A3)
+
{
MBH
8pir30ρ0
+ e−xb
(
1 + xb +
x2b
2
)}(
e−x
x
+ Ei(−x)
)]
,
where Ei(x) is the exponential integral for real non zero values of
x = r/r0 defined as
Ei(x) = −
∫
∞
−x
e−t
t
dt. (A4)
For vanishing black hole mass MBH → 0 and boundary rb →
0 one recovers the expression given by Boshkayev & Malafarina
(2019). Hence, the pressure at the boundary Pb = P (rb) is defined
when r = rb in Eq. (A3). Since the value of Pb is not known in
advance in general relativity, its Newtonian counterpart has been
used in our computations as a test value. For fixed ρ0 or corre-
spondingly ρ(rb), the value of Pb can be varied up to 1.5Pb due
to the general relativistic corrections that have not been taken into
account in the Newtonian equation. By varying Pb one can vary the
width/thickness of the dark matter envelope, hence the dark matter
mass.
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